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Aeroacoustic Model for Weak Shock Waves Based
on Burgers Equation

Sanford S. Davis*
NASA Ames Research Center, Moffett Field, California 94035-1000

The adiabatic form of the Euler equations are cast in a form emphasizing its signal propagation properties
and solved using an approximate eigenfunction analysis. Second-order rarefaction waves appear as direct eigen-
function solutions. The underlying scalar equation describing nonlinear shock wave evolution is rederived as a
first-order Burgers equation. The characteristic sonic boom N waves are predicted using an implicit aeroacoustic-
based finite-difference algorithm with numerical damping designed to suppress spurious oscillations at shock-wave
discontinuities. The evolution of these sonic-boom-type signals to the mid- and far field are computed directly with

the numerical method.

Nomenclature

a = speed of sound

Cn = equivalent Courant number used in numerical

analysis

Dny, Dny = damping constants for numerical dissipation

G = eigenvector

k = wavenumber, 27 /wavelength

M = freestream Mach number

p = pressure

R = log density

u = vector of dependent variables, [R, u, v, p]

u,v = axial and vertical velocities

w, v = perturbation velocities normalized by aine

X,y = Cartesian coordinates

B =M1

y = ratio of specific heats, ¢, /c,

Ax, Ay, At = stepsizein x, y, and time

Ag, An = step size in oblique coordinate system

A = eigenvalue

p = density

Ot = Reference to freestream conditions

O* = Reference to a physical quantity
Introduction

S ONIC boom prediction is an important application of weak
shock-wave theory. The state of the art has evolved from the
analysis of long-range propagation of weak disturbances' > to para-
metric studies of geometrically complex aircraft-type configura-
tions. Older methods were based on studies of weak disturbances
consisting of a simple distribution of sources and sinks to repre-
sent aircraft components.* Previous sonic-boom studies in this zone
represented the wing-body-tail as a simple area distribution. Sonic-
boom analysis is now considered a three-zone problem.’ The first
zone is bounded by the vehicle and a near-field control surface.
The flow in this region is very intricate and requires complicated
Euler or even Navier-Stokes solvers since detailed and irregular
boundary conditions must be satisfied. The second zone is a kind
of buffer region bounded by two control surfaces. An inner surface
coupling to the body flowfield and an outer surface interfacing with
the ray theory region. In this intermediate zone, one would like to
compute the flow with higher fidelity than the ray region, but with-
out the physical complexity of the inner zone. It is also desirable
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to place the inner boundary as close as possible to the body. The
third zone is the classical ray region where wind, temperature, and
turbulence are accounted for as one-dimensional flow along a ray
tube to the ground.®

This paper solves a simplified system of equations governing the
second zone in a two-dimensional context. An approximate eigen-
function expansion and its associated Burgers equation capture the
important physics of the velocity and pressure fields to second order.
The aerodynamics literature of the 1940s and 1950s introduced cer-
tain ad hoc approximations to the exact potential flow for high-speed
flows. One such approximation, as outlined, for example, in Ref. 7, is
a second-order quasilinear hyperbolic PDE that is essentially equiv-
alent to the one derived here. A similar second-order PDE was for-
mally worked out from perturbation theory in Ref. 8. These second
order PDEs possess two characteristics, one of which is primary for
shock-wave propagation. The derivation presented here shows how
a first-order scalar Burgers equation with the one dominant char-
acteristic emerges from the eigenfunction analysis and can be used
to construct a complete second-order approximation to the steady
supersonic aerodynamics problem. Such Burgers models have been
known for some time in the analysis of nonlinear acoustic problems,
e.g., Ref 8. This solution is also compatible with nonlinear simple
wave theory? to this order.

A numerical solution to the aerodynamic Burgers equation is
computed with the same implicit finite-difference algorithm origi-
nally applied to acoustics.° This simple method is augmented with a
mixture of second- and fourth-order numerical damping to suppress
the troublesome oscillations that usually accompany discontinuous
solutions. These oscillations can mask the far-field sonic-boom N
waves.

Solutions for the two-dimensional shock-wave problem in the
midfield are illustrated for an airfoil that generates multiple shock
waves. A comparison among three different airfoil sections confirm
the similarity law regarding N waves far away from the emitting
body. The slope of the N wave is independent of airfoil shape, but
the precise fore and aft shock-wave location along the spine of the
N depends on the source geometry.

Equations of Motion and Eigenfunction Analysis

The steady-state Euler equations of mass and momentum conser-
vation for a compressible gas in terms of the physical kinematic and
thermodynamic quantities #*, v*, p*, and p* are

ap* ap* du* av*
* pF * * =0
ox* + ay* to ax* te ay*
ou* ou* 19p*
u* v*

ax* + ay* + prox*

ov* vt 19p*
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Isentropic flow in air assumes a relation between density and pres-
sure of the form p(p) = const p” where y is the ratio of specific
heats c¢,/c,. In addition, the local speed of sound is defined by
the thermodynamic derivative dp*/dp* = yp*/p* = a*>. To em-
phasize the two-dimensional propagation character of the equation,
choose anew dependent variable R = log(p*) so that all coefficients
become velocities. The final equations of motion for a compressible,
adiabatic fluid are

L, OR o aR  ou* ov*
u v =
ax* dy*  dx* oy*
oR ou* ou*
*2 * * =0 1
a P +u ppr +v _3y* )
aR av* av*
a*— +u* Y =0

oy* ox* ay*

These equations are equivalent to the well-known nonlinear po-
tential flow equations but are retained as a first-order system to
facilitate eigenfunction analysis. It is convenient to express the de-
pendent variables in terms of the free stream speed of sound aiy.
Thus, u* = ap(M + '), v* = apeV/, a* = ayra where M is
the freestream Mach number. The final equation in matrix-vector
form is

M+u 1 0 5 R
a® M+u 0 —
dx ,
0 0 M+u v
v 0 1 9 R
+ v ool =] =0 @
a 0 v dy v

and the solution vector is = [R, ', v']”. Let us quickly ana-
lyze the solution for linear supersonic flow: »’ and v’ are deleted
from the coefficient matrices, and the speed of sound is set to unity.
The dependent variable x is considered a time-like variable. The
acoustic analogy is complete if the inverse of the first matrix is mul-
tiplied through to obtain the simplified form du/dx 4+ Aou/dy. The
acoustic-analog equation is

_ M
0 0 7
0] 1 9
—_— I = — ! =O 3
e R R R Pl 3)
1
— 0 0
| M i

where M, 8 = /M? — 1 are constant depending only on freestream
conditions. This system is easy to solve. One way is to assume a
uniformly propagating wave solution of the formu = f(x —y/A)G
with A an undetermined constant and G its associated eigenvector.
The general solution of the eigenvalue problem in terms of arbitrary
functions f, g, and h is :

0 -M/p M/B
u= [1}f(y) +| 1B |g&+Bn+ | —1/B [h(x—BY)
0 1 L1
C))
Of the three terms, the first two are disregarded on physical grounds.
(Using the wave system in the first quadrant, the two disregarded
eigenvalues are 0 and —1/8.) What remains is the Ackeret solu-
tion for linear supersonic aerodynamics, where the function 4 is
proportional to the local airfoil slope, e.g., h(x) = MY’(x}. The
relationship among the linear solutions (to be used in the nonlinear
analysis) is fu’' +v' =0and BR — Mv' = 0.
Now consider solutions to the complete perturbed Euler equa-
tions of Eq. (2). The first-order speed of sound from Bernoulli’s
equation is @®> = 1 — (y — 1)Mu’. Solutions are again sought in the

eigenvector form u = f(x — y/A)G. The approximate Euler
equation admits nontrivial solutions for certain values of A deter-
mined from Det[A — L A’] = 0 where coefficient matrices A and A’
are those of Eq. (2). From linear analysis the three eigenvalues are
1/8, —1/8, and 0. Here we will search for eigenvalues of the form
1/B + &. The small quantity & involves the perturbation velocities
u’, v/, and the log density R.

The analysis follows by solving the cubic eigenvalue equation to
first order in small quantities. The values v" and R are taken from
linear theory. After considerable algebra, the result is

s = 1 o+ 1)M3u, 1 @+ DM* v
B 283 B 284 Ui

&)

which matches the slope of the local Mach line to second order as
given, for example, in Ref. 11.

Using the eigenfunction analog, we can go a step further and
compute the eigenvector G. The eigenvector follows from the second
and third of the perturbed Euler equations

My 4 M2(M? 42y — M2y)'?

< B 26°
Gv=|u|=| v My + ? 6
’ B 28
v/

This is a second-order local approximation to the adiabatic Euler
equations. Given one dependent variable (here v”), the other two may
be computed directly from Eq. (6). This expression is confirmed
with published formulas from simple wave theory. For example,
the relation between C, = (p — pinr)/ % PintUZ; and the local flow

deflection angle 6 is found by manipulating Eq. (6) into

W2 =27 +yM

2
C, =26
i 26°

)

which matches the approximation given in Ref. 11.

The governing nonlinear PDE is obtained by assuming that f
is not a plane wave but a general function of x and y so that
df/dx + Ldf /0y = 0. Even though the approximate solution for
rarefaction waves is already given by Eq. (6), the PDE is best for
computing overlapping compression waves and evolving shocks.
It is well known that such equations are archetypes for nonlin-
ear waves. The function f is the vertical velocity v' and can be
solved as a boundary value problem with a well-defined boundary
condition—the local slope of an airfoil. This solution is the first
step in the two-step process of solving the adiabatic Euler equa-
tions. The remaining step is to compute dependent variables from
the local characteristic form in Eq. (6).

Since there are only two independent variables it is irrelevant
which is the “time” or evolving coordinate. It is most useful in shock
propagation problems to march perpendicular to the flow, and the
final second-order equation is

v’ ' M@y + D v
gt M (y + Dv' ov' = (8)
dy dx 242 ox

The boundary value is completed by specifying the upwash on the
inner control surface. For thin airfoil analysis the curve representing
the airfoil is y = Y(x) and v'(x,0) = MY'(x)/[1 + Y'(x)/B] to
second order.

Numerical Solutions

The computational method consists of a two-step sequence. Con-
sider auniform grid with spacing Ax and Ay. If a dependent variable
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u(x,y) = u(jAx, nAy) is denoted by u7, the locally frozen depen-
dent variable defines an equivalent Courant number

M3(y + Du \ Ay
Cn= (5“ T)z‘

This quantity enters as a parameter in the following two-time level,
three-point neutrally stable implicit scheme!?:

(Cn — 1)(Cn — 2T} — 2(Cn - 2)(Cn + 2)u’*!

+(Cn+ 1)(Cn +2ut; = (Cn+ D(Cn+2u]_
—2(Cn —2)(Cn + 2} + (Cn — 1)(Cn — 2u, ©

Equation (9) is formally fourth-order accurate in space and time
for a globally constant Courant number. Good resolution may be
obtained with values of the parameter Cn up to 2 if the governing
equations were linear with constant coefficients.

This first computational step will propagate all wave numbers
from level y to y + Ay up to the grid imposed limit &y, = 277 /2Ax
= mr/Ax. The nondimensional quantity kAx, which varies from 0
to r, plays a key role in the analysis of finite-difference methods.'?
Since the scheme is neutrally stable (no numerical dissipation) short
waves will not damp causing nonphysical oscillations in regions of
large flow gradients. Lower order upwind methods possess built-
in algorithm-induced damping which alleviates this effect but may
suffer in solution accuracy.

The second part of the sequence is a damping step consisting
of second- and fourth-order terms with damping constants Dnj
and Dny

(Dny + 12Dng)u} + (10Dny — 24Dng)u’s

+(Dnz + 12Dn)u"t} = (Dny + 12D} + 12Dna)u’s_,
+ (10Dn; — 24Dn3 — 24Dny)

+ (Dny + 12Dn3 + 12Dy )i’ (10)

The algorithm is equivalent to a Crank-Nicolson scheme for the heat
equation if Dny = 0. The full algorithmis equivalent to the parabolic
PDEu; = DnyAx2uy, + DngAx*u, yx. Values of Dny = 0.01 and
Dny4 = 0.0013 were found adequate for this application. This is less
damping than that induced by simple upwind methods which is the
order Dny = Cn/2.

An unsteady Burgers equation is commonly used to illustrate
nonlinear wave motion. A particularly simple sine wave initial
condition, u#(x,0) = sin(x) 0 > x > 2 nicely illustrates the
problem of numerical wave dispersion since high wave numbers
are generated as part of the nonlinear evolution process. Burgers
equation solutions to the model problem are computed in Fig. 1.
The equation is u, + uu, = 0 subject to the sine wave initial
condition mentioned earlier. Exact analytical solutions are avail-
able to the time that a discontinuity first forms at r = 1.47 s.
The algorithm described was used on a 125-point mesh with a
maximum Courant number ¥, Ar/Ax = 0.2 and damping val-
ues indicated previously. The time lagged value of u(x,t) was
used to compute the local Courant number. Solutions to Egs. (9)
and (10) require inversion of a tridiagonal matrix at each time
step.

The curves in Fig. 1 show that the exact solution (dashed) is al-
most coincident with the numerical solution (solid) at four times
to ¢t = 1.47 s. The maximum error between the exact and numer-
ical solution at ¢ = 1.47 s is 0.7%. The second-step damping is
sufficient to suppress the oscillations but not enough to compro-
mise the sharp discontinuity. (Numerical experiments using first-
order upwind methods showed a comparable error of 3.3% with
an equivalent damping of Crpag/2 = 0.1. Some computations with
second-order methods approximately halved the latter error.) Highly
accurate solutions to this model problem can also be found in the

U(x}

Fig. 1 Comparison of analytical and numerical solutions to Burgers
equation subject to a sine wave initial condition to the instant where a
discentinuity first forms at ¢ = 1.47 with s second- and fourth-order
damping constants 0.01 and 0.0013, respectively, and N = 125 mesh
points.

literature using locally adaptive grids, spectral methods,'* and com-
binations of the two.'* These methods involve elegant algorithmic
constructions.

The fidelity of the scheme in terms of wave number resolution is
shown in Fig. 2. The upper right panel (Fig. 2b) shows the Fourier
wave number spectrum for the final signal of Fig. 1, which is re-
peated in Fig. 2a. The harmonic content of this highly distorted
sine wave decays at a relatively low rate. This gradual decay is an
indication that short waves are important contributors to the dis-
continuous waveform. The wave in the lower left (shown in Fig.
2¢ from another calculation with marginal damping) indicates in-
cipient instability. Subcritical damping allowed numerical disper-
sion to adversely affect the resolution of high wave numbers. This
low damping causes a spectral upsweep at higher wave numbers as
shown in Fig. 2d. Adequate damping effectively eliminates this fatal
upsweep. Of course, the appropriately damped case in the upper row
must have some physical effect on the wave, and slight smoothing
of the shoulders is apparent in the signal. A problematic aspect of
this approach is that there is no universal best damping, but one may
be matched to signals possessing a certain class of spectra. It must
be emphasized that these effects are not due to nonlinearities, but
are the cumulative effect of applying consistant discrete approxi-
mations to the partial differential equations over a large number of
time steps.

Next, consider the evolution of a type of N wave. Numerical and
analytical solutions for an approximate N wave are shown in Fig. 3.
Numerical solutions are compared with the exact solution to Burgers
equation given, for example, in Ref. 15 as

-1
2
x t ex/0.05t
u(x,t):;{l-l—"—lﬁzzrll H t>10 (11

The analytical solution at t+ = 10 and ¢ = 24 are shown as dashed
lines in Fig. 3. The computed curve at t = 24 (723 time steps)
is also indicated. A number of parametric studies indicate that
the main (but significant) effect of lagging the nonlinear term is
to limit the allowable time step to 20% or less than that which
one would otherwise use for a strictly linear, constant-coefficient
problem (that is, a Courant number of a few tenths rather than
unity).

Steady supersonic flow is now considered. A preliminary trans-
formation to semioblique coordinates fixes the shock waves relative
to the primary linear characteristic. In the new coordinate system
§ = x — By, n = y Eq. (8) becomes a Burgers equation

v M3y + v av

o B 0 (12)
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Fig. 2 Fourier analysis of a discontinuous signal: a) final signal from
Fig. 1, b) Fourier spectrum, c) typical signal just before instability, and
d) Fourier spectrum.

and the relevant Courant number is
"= 267 AR
atv'(§, n) = v'(jAE, nAn).

A model for a multiple-shocked airfoil is the bicircular arc
shown in Fig. 4. The profile is shown along with a chordwise
slope distribution (shown as a dashed line) which is proportional
to the linear pressure. Four shocks appear at the slope discon-

-50 T T T T T

U(x)

_.50 I 1 t 1 1
% _a -2 0 2 4 6

Fig.3 Comparison between numerical and analytical solution for an
approximate N wave, initial time = 10, final time =24, N = 125, At/h =
0.2, solution after 723 time steps: ----- analytical solution and ——
numerical solution.

YicorY'ic
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Fig. 4 Bicircular arc airfoil contour and slope distribution.

tinuities as indicated. The airfoil is 4.2% thick and the second-
order corrections to the density and axial velocity in Eq. (6)
were insignificant. Equation (12) was solved numerically using the
two-step algorithm with the indicated boundary values as initial
conditions.

Solutions are presented in Figs. 5 and 6 to show the effect
of damping on the evolution of N waves. Over 2000 steps in y
(time steps) were taken to obtain pressure signatures to a ver-
tical distance of approximately 20 chords. After propagating a
few chords, the multiple shocks merge into a single N wave
that decays in a universal manner. This is the near- and far-
field region discussed in the Introduction. The effect of damping
is complementary, near-field overshoots (lower part of Fig. 5a)
with low damping evolved into well-formed N waves. Higher
damping caused well-formed N waves in the near field (lower
part Fig. 5b) that evolved into slightly dissipated waves farther
out.

A comparison of the far-field signatures at y/c = 19.5 is shown
in Fig. 6. The undistorted linear wave is shown as a dashed line
to indicate the nonlinear evolution. The evolved wave has spread,
decreased in magnitude, and merged into a front and rear shock.
The N wave has lost all information regarding the detailed airfoil
geometry. (Linear theory always remembers each and every detail
of the emitting airfoil.) The N wave gradient, a universal feature
of these signals, is exactly the same. The only effect of damping is
slight shock wave smoothing at Dn, = 0.03. Other computations
using over 20,000 time steps (to a few hundred chords) showed that
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Fig. 5 Shock-wave patterns for a bicircular arch airfoil; 250 points
centered about linear characteristics, 2000 steps to y = 19.3¢,
Mach number = 1.414: a) damping Dr; = 0.01 and b) damping
Dn;, =0.03.
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Fig.6 Shockwaveaty = 19.3c showing effect of damping on the fidelity
of the N wave, dashed line shows linearized pressure distribution.

the N wave slope decays at a universal rate that is an inverse first
power of the altitude y.

Figure 7 compares signatures in the near-field region with linear
theory, again shown as dashed lines. Four signatures are shown at
increasing altitudes in Figs. 7a—7d. There is a rapid merging of
shocks and quick decay (greater than y~!) until the N wave first
forms at a distance slightly greater than 1.16c. The wave ultimately
decays at its asymptotic rate. These two-dimensional flows form
mature N waves quite rapidly.

The effect of geometry on the midfield shock wave is investigated
with the three airfoil sections shown in Fig. 8. The first section is the
bicircular arc considered previously. The other two airfoils are a 5%
circular arc and a cusped airfoil. The former starts with an N wave
and the latter with a continuous shockless pressure distribution.
The N waves at y/c = 19.5 are shown in Fig. 9. As expected,
the slope is independent of geometry; but an interesting result is
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Fig. 7 Evolution of a multishock system into a single N wave in the
near field, dashed lines show linear pressures: a}y = 0.39¢,b) y = 0.77c,
c)y = 1.16¢c, and d) y = 1.54c.
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Fig. 8 Geometry and initial pressure distribution of investigated air-
foils: bicircular are, circular arc, and cusped airfoil.
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Fig. 9 Sheck waves at y = 19.3¢ showing effect of geometry on the
far-field N wave, Mach number = 1.414,

that the bicircular airfoil has the shortest signature and the cusped
(shockless) airfoil the longest. Presumably, the two shocks interact
with greater vigor and drive the pressure peaks to a lower value as
the wave enters the asymptotic region.

Conclusions

A new derivation of the adiabatic two-dimensional Euler equa-
tions using eigenfunction analysis showed a Burgers equation model
can be used to predict the flow to second order. Computational results
indicate that asymptotic N waves form rather quickly. This analysis
illustrates the close relationship between supersonic aerodynamics
and nonlinear acoustics and the use of aeroacoustic numerical tools
to solve this steady flow problem.

An analysis of the midfield region similar to that just described
would be a very useful design tool for sonic-boom tradeoff stud-
ies. Both nonlinear and three-dimensional azimuthal effects in the
midfield that are not accounted for in ray theory may be significant
factors in reducing the detrimental effects of sonic booms. Further
work is continuing in this direction.
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